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Abstract: Problem statement: The scaled hybrid Conjugate Gradient (CG) algoritihich usually
used for solving non-linear functions was preseated was compared with two standard well-Known
NAG routines, yielding a new fast comparable aldpon. Approach: We proposed, a new hybrid
technique based on the combination of two well-kn@ealed (CG) formulas for the quadratic model
in unconstrained optimization using exact line skas. A global convergence result for the new
technigue was proved, when the Wolfe line searciditons were used®esults: Computational results,
for a set consisting of 1915 combinations of (ust@ined optimization test problems/dimensions)ewer
implemented in this research making a comparisawdsn the new proposed algorithm and the other
two similar algorithms in this fieldConclusion: Our numerical results showed that this new scaled
hybrid CG-algorithm substantially outperforms Ariegafficient descent condition (CGSD) algorithm
and the well-known Andrei standard sufficient des@andition from (ACGA) algorithm.

Key words: Unconstrained optimization, hybrid conjugate gratliescaled conjugate gradient,
sufficient descent condition, conjugacy condition

INTRODUCTION d, =-g, (3a)
probilzgr; | solving the unconstrained optimization d,., = —6555°g  +[BCesy, (3b)
Where:
min{f(x) :x0O R”} 1)
Yie TGk 7 G0 Sk = K T X (3¢)
where, f:R? - Ris continuously differentiable
function, bounded from below. Starting from aniadit MATERIALSAND METHODS

guess, a nonlinear CG-algorithm generates a sequen
of points {x}, according to the following recurrence
formula:

S\Igorithms based on sufficient descent conditions:
This type of algorithms present a modification bé t
standard computational CG scheme in order to gatisf
Xyay = X, 40,0, (2a)  both the sufficient descent and the conjugacy dmnd

in the frame of CG as in (4), with:

where,qy is the step-length, usually obtained by Wolfe .

line searches: acesP = % (4)
ykgk+1
f(x, +a,d,)-f(x,) <pa,g.d, (2b) .
CGSD — 1 CGSDHgkﬂHZ

ol..d 20dd, (2c) K _yzsk(gkﬂ -, iy ¥ G ()
with 0<p< 1 <o <1 and the directionscdhre computed y'g

2 6EGSD: Tk k+1 (6)
as. Oi+19c+1
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or:

g.l[+1gk+l _ (yzgk"l) (SI g‘”-)
YiSe (ylsk)2

CGSD —
B =

(@)

Equation 4-7 are represent an algorithm that

belongs to the family of scaled CG-algorithms
introduced by (Birgin and Martinez, 2001). Obsegvin
that if f is a quadratic function andgl, is selected to
achieve the exact minimum of f in the directiantlien
S 9., = 0 and the formula (5) fop°*® reduced to the

Dai and Yuan computational scheme (Andrei, 2008a):

Step 5: If g[,,d<~10%|d,| .., . then define d, = d,

otherwise, set gh = -g+1 and compute the
initial guessa, =a,_,|d,.,|, /|d,, then set k =

k+1 and continue with Step 2.

ACGA algorithm (Andrei, 2009a): This algorithm
also presents a modification of the Dai and Yuan
computational scheme in order to satisfy both the
sufficient descent and the conjugacy conditionshim
frame of CG. The steps of this algorithm are samma
Andrei (CGSD), except Step (4) which will be define
as:

¢ = Geabir/ ViSe @) d =G +BE s, (12a)
However, the parametep:®®is considered for s.t.
general non-linear functions and inexact line dessc
and it is selected in such a manner that the seffic 5 _ Vi _ ViGien)(S Ger ) (12b)
descent condition is satisfies at every iterat®esides, VS, s ¥
the parameter®°>°*and o, are chosen in such manner
that the conjugacy conditioy;d,,, =0 always holds, Or:
independently of the line searches used in the
algorithm. Here below we list outlines of the Andre Brech = Ot.10, _ o (¢.,5)d.,9) (12¢)

algorithm.
CGSD algorithm (Andrei, 2007):

Step 1: Initialization. Select, OR" and the parameters
0<g,<0,<1. Compute f (¥) and g, consider
dO = 'go and a, :i

9o

Step 2: Test for convergence, |id,|<10°, then stop,
else set k = k+1 and continue.

Step 3: Compute the line search parametgmwhich
satisfy the Wolfe-conditions:

,setk=0.

f(x, +a,d,) -f(x,) <o,a,9:d, 9)

Df (Xk + akdk)Tdk 2 o-zgldk (10)

update the variables,,, =x, +a,d, .

Compute f(x:1):

O+t Sk = X1 Xk Yie = Ger1-Ok (11)
Step 4: Compute  d=-65>"g,,, +B°%%s, where

8o and Br**Pare defined as in (4) and (7)

respectively.
512

YiSe s ¥
Now we introduce a new proposed method based
on modifying both scalaf.; andpy.

A new proposed algorithm (say, new hybrid): here,

we are going to investigate another new sufficient
descent algorithm based on the reformulation of the
scalars 6, and Bx. The new proposed scalars are
depend on the general hybrid techniques of two aem
than two parameters. These scalars are very useful
making the search directions generated by the new
algorithm more sufficiently descent. The outlinéghe

new proposed algorithm are given by:

Step 1: Select x,0R" and the parameters

0<g,<0,<1. Compute f (¥) and @, consider

dh=-ganda,= , setk=0.

|96
Step 2: Test for convergence, |jd,|<10°, then stop,
else set k = k+1 and continue.

Step 3: Compute the line search parametemhich
satisfy the Wolfe-conditions defined by (9) and

(10). Update x,,,= x,+a,d, Compute f(x%.1),

gk+1-
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Step 4: Compute  d=-8""g, ., +B™s,, where  Rate of convergence of the new hybrid algorithm:

k+1
. T .
8 and g are computed as: Theorem 1: If y s, # 0 and:

d —_ eCGSng+1 + BCGSD (148)

k+1 — k+1

opa = max{ L 10*  mif 1y,., 6553} (13a)
d, = -g, where B is given by (5), then:
10
Yisr = Min M (13b) gk+l kel S (GESISD ] gkﬂﬂz (15)
2 (X)) —F(x ) = &
@ -nJgd] ]

Proof: Since d- g,, we have gld,=-|g,*, which
st satisfy (15). Multiplying (14e) by, , we have:
I R PP P agid, + g'd _ecesng H2 + (nggkﬂ)(ngsK)
N == . s ) (130) k YK+l k+1 1) yISK
dkgk 10 XC(k ngkH (16)
6CGSDHgk+1H (S( g<+1)
e(k:GlsD gk+1gk+1 (13d) (yksk)
YiGin
but:
Bhybrid = max o’ m| BCGSD BACG (14a)
k {omipi=*p) [(v15) 0V B | [V B5( y5) 0.
YieS
CGSD gk+1gk+1 (ylgkﬂ)(st g<+1) (14b) L ( k )
k 2
Vs (vis) 2| alots o+ 25 (s 0|
< — = (17)
e (vis)
SR SRULHILEN g (oh.) 9.
2 +: +
e s sl + e el
k (vis)
where the details of;“** are given in (Andrei, Using (17) in (16):
2009a).
Step 5: I O her € 855 0+ ol 8"+
18
a5 -10°|4] .., an i sonlFes) 18l o (da.) ()
5.0 < 0.9 g} (vis.)’ (vis)’
then define g, = d, otherwise, setd = Bys10ks1 We get:
and compute the initial guess
o = ak‘lHdk‘le/Hdk 2! then set k = k+1 and gk+l kel = _(GESISD_ 46(ZGSD] 9k+1” (19)

continue with Step 2, where the details of
(14d) are given in (Birgin and Martinez, 2001; Hence, the direction given by (3) and (7) is a
Al-Bayati et al., 2009). descent direction. If for all k6" is positive and

The algorithms (12) and (13) belongs to the familygiven by 6% > % and the line searches satisfy

of hybrid CG-algorithms. k
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Wolfe conditions, then the search directions gitsn Hg
(3) and (7) satisfy the sufficient descent conditiince ~ (p°¢° - =< )(9CGSD gk+1sK) 0 (29b)

k+1
k k+1 k

Andrei's algorithm bound by= [efffD %CGSDJQK” i
Since||g,.,||"in the numerator of CG operators has a
strong global convergence (Al-Bayatt al., 2009),

Spectral 6°%°° derivation: to determine the parameters

6 and 5= for CGSD method observe that: hence from the first bracket of the Eq. 29b:
+ QCSSDg + (20) 2
A = =QT Gt goosD = H?kﬂ (290
Where: TG
T
1
5C6sD — _Yk+1Yk Y9 _ (30)
A = _eCGSng+1+ {gl;#g:ﬂ 6CGSngJfET(%)gﬂl))x S (21) ‘ g:+lgk+1 eiflsD
k S From (29c) we have observed that:
1
d eCGSD| S(g(-*l +6CGSDHgk+1H ( kS(T) g(ﬂ (22) efflSD 46CGSD ekcflsD (31a)

k+1 k+1 yISK k ( 1. )

Therefore, for all k §55°>0, i.e. if g],y, >0,

From (20) and (22) we get: then for all k the search directiop.dgiven by (3) and
(7) with (33), given later, satisfy the sufficietéscent
inslso el<C+GlSDI Skg;<+1+6CGSDHgk+1H ( kSKW) (23) condition.
YicS (VISK) Anticipative 8., derivation: Recently (Andrei, 2004)
using the information in two successive points lof t
Now, by summarization o< as: iterative process, proposed another approximation

scalar to the Hessian matrix of function f , toabta
. new algorithm which was favorably compared with the
Qo =geeso) - S0t Gl + 55O l9.cal” (SKSKT) (24)  Barzilai and Browein’s method. This is only a hstiép
YieS, (yksK) of the spectral procedure. Indeed, at the point
X =X, +0,d, , We can write:

And considering the conjugacy condition:
f(X,,y) =f(x) +a,gid, += aZdTDZf(z)d (31b)
yldm =0 (25)
where, z is on the line segment connectip@nd X..
y0L =0 (26) Having in view the local character of the searching
procedure and that the distance betwegand X.; is
small enough, we can choose z m;xand consider

yI[ecesa — M cesp o, ( kSkT)]_ (27)  Y«.OR as a scalar approximation aff(x,,,) . This is
k (yk ) an anticipative viewpoint, in which a scalar
approximation of the Hessian at pointxis computed
But: using only the local information from two successiv
. points: x and %.1, therefore we can write:
6CGSD o (28) X
K Vi1 =72[f(x k+]) —f(X k) —C(,gld k] (31C)

. . . ded, @)
After doing some algebraic operations, we get:

, This formula can also be found in Dai an Yuan

(GEGSD) _(Hgm ngK) 0504 (ngSK)H GKJJ -0 (29a (Andrei, 2008b). Observing thay,,, >0 for convex

. ViGer YiSo  (YiBie) (V5S.) functions (Andrei, 2007); iff (x,.,) —f(x,) —a,g;d, <0,
514
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then the reductiorf(x,,,) -f(x,) in function values is Therefore, from (31f) we get a lower bound for
smaller thana,g;d, . In this cases, the idea is to reduce ekﬂzi ,i.e., it is bounded away from zero.
the step sizeoy as a, -n,, maintaining the other 2L

guantities at their values in such away so that is
positive. To get a value fayy, let as select a real p>0,
“small enough” but comparable with the value of the
function and have:

Theorem 2: If y;s 20 and d., =-0.,+B*s,,
(do = -), WhereB;°®* is given by Eq. 12c, then:

1

gT+ d + s_(l_i g(+ ? (33)
k+1%k+1 46;:CGA M lH

1

9 d,

Nk (f(x) =F(X,0) +a, 83, + 1) (31d)

? which

satisfies Eq. 33. Multiplying Eq. 12a hy,,, we have:

Proof: Since d,=-g,, we have gjd, =—|g,

for which a new value ofy.; can be computed as:

2
= —If -f(x,) —(a,-n)od,] (3le
Vs = g, (Gk—ﬂk)z[ (X) —F(x ) =(a,—nYgd, ] (31e) gl+ldk+1=—H9k+1H2+(glﬂgk?)(gl“s‘ )
. - i YieSk (34)
with these, the value for parametgr; is selected as: acon |l (Grans)
NP
1 (YiS)
ek+l [ p— (31f)
Yiu But:
where,yq.1iS given by either (31c) or (31e). ; ;
(gk+1gk+1)(gk+1%) -
Proposition: Assume that f(x) is continuously Yis, (35)
differentiable and3f(x) is Lipschitz continuous, with a . —rcen T - [mohcen . 1
positive constant L. then at point.x [(yksk)gk*l/ D, 3 [ 226k (815 )8, |
(YiSc)
Vi S2L (32)
1 1 T )2 2 ACGA 2 2
Proof: From (31c) we have: 3 2{26@06*\ (vis) laeal” + 22 (doas) | g } )
- 2
YiSe
:2[f(xk)+akDf(Zk)Tdk—f(xk)—ckaf(xk)Tdk] ( ‘ )
k+1 2 5
Ja o e
- 1 Hg Hz + 6ACGA (gk+13<) H g<+1H (37)
where, {, is on the line segment connecting and gapeen el - Tk (YISk)Z

X1 Therefore:

Using Eq. 37 in 34 we get Eq. 33.
Hence, the direction given by (12) is a descent

direction becaus{i—]/45kACGA) >0 for all k.

_2[0f(g) -Of(x,) 1'd,
HdkHzak

k+1

Using the inequality of Cauchy and the Lipschitz

continuity it follows that: How to compute the parameter §:°°*: To determine

the parameters 3;°®* for (ACGA)-method observe

_9of@o ot _ 2Lz, - x that:

k+1 = -
di] o ld ]| @
< 2Lka+1_XkH _ O == kaAgkﬂ (38)
I, o

where:
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2
Ol 0er  _ gpoon [l (S19s)

Qe = =Gk T =7 S~ T2 (39)
k (yk%)
where the matrixQ;s* is:
S |9l
chleA =- = +1 +6»:CGA K+1 _ (skST() (40)
S (vis.)

Now, by summarization of){°** to resemble the
Quasi-Newton method, as:

O =y Sl Gad | grcon [Gal”

+ - SKSI (41)
o vis, (yIsK)Z( )
and considering the conjugacy condition:
y:dm =0 (42)
yzéfflngk+1 =0 (43)
T Skgl- + g( é; ACGA Hgk+1H2 T
yill e Sty et B 5,616, =0 (44)

VS (vis)

After doing some algebraic operations, it follows
that:

(G %0k S)

GesSe [l [9e]” (dhis)

5ACCA = YISK + gI+1yk

k

(45)

Therefore using (45) in (12c¢) we get (12b).
RESULTS

We present the computational performance of
Fortran implementation of the new hybrid algoritom
a set of 1915 unconstrained optimization

problems/dimensions. The Fortran implementation oOFiter
the present algorithm is based on the Fortran 9@fgev

that, in a particular problem i, the performance of
ALG1 was better than the performance of ALG2 if:

‘fiALGl _fiALGZ‘ <107®

(46)

and the number of iterations, or the number of tiome
gradient evaluations, of ALG1was less than the remb
of iterations, or the number of function-gradient
evaluations of ALG2, respectively (Andrei, 2009a;
2009b; 2008c). We compare the performance of our
new hybrid algorithm against the CGSD-algorithm
(Andrei, 2008a) and against the standard ACGA-
algorithm (Andrei, 2009a) in three different tablés
Table 1 and 2, sixty-five test-functions are solusthg
three different algorithms; namely: (Andrei, 2007)
(CGSD); (Andrei, 2009a), (ACGA) and the new
proposed (New Hybrid) algorithms. Each test functio
is solved by using 10 different dimensions, n =,100
200, ..., 1000. Table 1 and 2 present the perforngance
of these algorithms subject to the minimum number o
iterations (# iter) and the minimum number of fuoit
gradient evaluations (# fgev).

When comparing the new hybrid against CGSD in
Table 1, subject to #iter, the new hybrid was betie
163 problems while CGSD was better in 134 problems;
they are equal in 293 problems and fail in 60 peotd
out of 650 problems; now subject to #fgev, the New
Hybrid was better in 168 cases while CGSD was bette
in 138 cases; they have equal results in 284 cases
fail in 60 cases.

In Table 2, according to #iter, the new hybrid
algorithm was better in 274 cases while ACGA was
better in 194 cases; they have equal results incaS6s
and fail in 54 cases. However, according to #fddésy
Hybrid was better in 273 cases while ACGA was lvette
in 209 cases; they have equal results in 114 cases
fail in 54 cases.

Table 3 shows elaboration comparison of 6
arbitrary selected test functions with different
dimensions out of the 65-test problems with theehr
different algorithms.

aI'able 1: Performance of the new hybrid versus CG$D;650

problem/dimension

test

New hybrid CGSD Equality Over Total
163 134 293 60 650
168 138 284 60 650

implementation of the scaled CG-method provided by
(Blrgln and Martlnezl 2001). The Comparlsons OfTable 2: Performance of the new hyb”d versus ACGH,; 650

algorithms are given in the following context. Let
fA°tand f*°* be the optimal values found by ALG1

and ALG2, for problem i = 1.., 65, respectively. \8&y
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problem/dimension

New hybrid CGSD Equality Over Total
#iter 247 194 155 54 650
#fgev 273 209 114 54 650
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Table 3: Comparison of Different CG-algorithms wih arbitrary
selection of 6 different test functions out of @5it

problems
CGSD New hybrid ACGA
Tf n iter fgev iter fgev iter fgev
10 100 65 102 67 105 66 110
200 91 135 97 143 91 136
300 101 152 108 161 109 168
400 145 223 143 216 125 182
500 153 236 143 221 157 228
600 144 214 175 246 171 249
700 174 255 162 232 183 277
800 179 264 214 315 185 270
900 197 305 189 286 191 284
1000 211 322 221 333 210 309
22 100 70 132 62 113 67 121
200 112 212 62 114 117 221
300 110 206 237 459 41 79
400 139 255 125 235 95 170
500 159 299 77 135 116 215
600 65 121 55 99 119 225
700 117 221 83 148 87 159
800 86 159 111 200 165 302
900 50 88 71 125 91 168
1000 79 142 100 191 49 90
34 100 369 442 363 422 315 369
200 568 645 512 573 513 576
300 756 842 674 733 585 649
400 868 963 819 884 790 858
500 964 1039 881 947 781 831
600 1059 1142 948 1023 907 970
700 1101 1222 1000 1066 1020 1085
800 1290 1421 1182 1256 1039 1102
900 1522 1736 1215 1297 1174 1249
1000 1378 1454 1316 1398 1196 1263
47 100 11 29 11 29 11 29
200 15 37 15 37 15 37
300 13 37 13 37 14 39
400 15 40 15 40 15 40
500 18 41 18 41 27 61
600 15 40 15 40 24 61
700 15 41 15 41 29 75
800 16 43 16 43 23 57
900 15 43 15 43 35 88
1000 16 43 16 43 76 176
51 100 24 45 24 45 27 52
200 27 56 27 56 24 47
300 24 47 24 47 27 51
400 24 48 24 48 25 51
500 35 448 23 48 23 49
600 23 49 23 47 39 551
700 28 61 76 1608 25 47
800 23 47 26 175 33 381
900 21 41 21 41 31 281
1000 25 49 31 282 25 52
65 100 32 52 35 56 39 65
200 33 53 34 57 33 57
300 37 56 36 57 36 58
400 33 54 36 58 37 62
500 34 58 37 58 35 58
600 35 56 37 58 37 63
700 33 59 33 57 35 59
800 32 52 36 56 32 58
900 34 55 36 56 35 62
1000 33 57 32 55 36 62

Finally, we have selected (65) large-scale
unconstrained optimization problems in (10) diffare
dimensions and in generalized from the CUTE
(Bongartzet al., 1995) library, along with other large-
scale optimization problems.

DISCUSSION

In this study, we have introduced a new scaled
hybrid (CG) algorithm which is based on two well-
known (CG) formulas. The new algorithm is compared
with two well-known libraries; namely CGSD and
ACGA algorithms using (65) well-known non linear
test functions with (10) different dimensions. Our
numerical results indicate that the new technicaedn
improvements of about (5%) in both #iter and #fgev
against the standard CGSD algorithm. While it saves
about (6%) in both #iter and #fgev against the dziath
ACGA algorithm. The name of test functions areegiv
in (Bongartzet al., 1995).

Freudenstien and Roth function:
Extended Trigonometric Function
Extended Rosenbrock Function:
Extended White and Holst function:
Extended Beal function:

Extended penalty function:
Peturbed Quadratic function.
Raydan 2 Function

Diagonal 1, 2 and 3 Functions.

0. Diagonal 2 Function.

11. Diagonal 3 Function.

12. Hager Function.

13. Generalized Tridiagonal-1 Function.
14. Extended Tridiagonal-1 Function.
15. Extended Three Exponential Terms.
16. Generalized Tridiagonal-2 Function.
17. Diagonal4 Function.

18. Diagonal5 Function (Matrix Rom).
19. HIMMELBC (CUTE).

20. Generalized PSC1 function.

21. Extended PSC1 Function.

22. Extended Powell Function.

23. Extended Block Diagonal BD1 Function.
24. Extended Maratos function.

25. Extended Cliff CLIFF (CUTE).

26. Quadratic Diagonal Perturbed Function
27. Extended Wood Function:

28. Quadratic Function QF

29. Extended Quadratic Penalty QP1 Function
30. A Quadratic Function QF2

31. Extended EP1 Function

32. Extended Tridiagonal-2 Function

BOo®~NoOR~ONE
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